[image: image1.png]Challenges from Ancient Greece

The study of Geometry was born in Ancient Greece, where mathematics was thought to be embedded in everything from
music to art to the governing of the universe. Plato, an ancient philosopher and teacher, had the statement, “Let no man
ignorant of geometry enter here,” placed at the entrance of his school. This illustrates the importance of the study of
shapes and logic during that era. Everyone who learned geometry was challenged to construct geometric objects using
two simple tools, known as Euclidean tools:

+ A straight edge without any markings
« A compass

The straight edge could be used to construct lines: the compass to construct circles. As geometry grew in popularity,
math students and mathematicians would challenge each other to create constructions using only these two tools. Some
constructions were fairly casy (Can you construct a square?), some more challenging, (Can you construct a regular
pentagon?), and some impossible even for the greatest geometers (Can you trisect an angle? In other words, can you
divide an angle into three equal angles?). Archimedes (287-212 B.C.E.) came close to solving the trisection problem, but
his solution used a marked straight edge. What constructions can you create?

Your First Challenge: Can vou construct a Target?

A very simple target consists of three circles. The largest circle would have a radius that is three times the length of the
radius of the smallest circle, and the middle circle would have a radius two times the length of the radius of the smallest
circle. On a separate sheet of paper, construct a target with a straight edge and compass then write a set of instructions

that another student could use to create your target.





[image: image2.png]A Second Challenge: Can vou copy any line segment?

Below is a line segment 4B . Using only an unmarked straight edge and compass, can you construct another line
segment the same length beginning at point C? Write instructions that explain the steps you used to complete the

construction. (Hint: An ancient geometer would require you to “cut off from the greater of two lines” a line segment
equal to a given segment.)
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[image: image3.png]Discussion, Suggestions, Possible Solutions

The first day that students touch a compass should be spent “playing” by making pretty, colorful, and neat pictures or
designs with the requirement of using many circles. This task is just one of many that may be used and provides a
historical context for the activity. In doing any initial construction activity, students should “discover” these tips and if
not by themselves, then through student sharing and teacher questioning:

« Pencil points must be very sharp.

«  Using a different color of pencil for each change in radius helps understand congruences.

«  Bearing down lightly makes it easier to manipulate the compass more accurately. (Some students may prefer
to turn the paper than the compass.)

«  Placing cardboard or several layers of paper under the paper helps pre

vent slips and tears.

Teachers should have additional sheets of paper available for students who struggle with initial constructions and need
to perform the constructions multiple times to do so with precision.

With the target construction, students should learn how to construct circles proficiently and use the compass to construct
congruent segments. Teachers may need to question students to ensure that they understand what a target is and what is
required for the task. One strategy a student might use is to construct the center circle and a line that passes through the
center and extends to both edges of the paper. The radius of this circle can then be copied by placing the point of the
compass on the intersection of the line and the circle (point B), and the pencil at the center of the circle. As a new circle
is constructed, it will intersect the line at the center of the small circle (point 4) and the endpoint of the radius of what
will be the middle circle (point C). The process can be extended to create the outer circle of the target. Another strategy
may begin by using the diameter of the first circle constructed as the radius for the second circle.




[image: image4.png]Writing instructions for the constructions is a critical component of the task since it is a precursor to writing proofs. Just
as students learn to write papers by creating and revising drafis, students need ample time to write, critique and revise
their instructions. By using peers to proofiead instructions, students learn both how to write clear instructions and how
to critique and provide feedback on how to refine the instructions. Teachers should allot sufficient instructional time for
this writing process.

Possible Solution: A line segment is constructed through point C that is visually longer than 4B. A circle with center
C and radius AB is constructed. (Typically students will first construct a circle with center 4 and radius AB and use that
measure to construct the second circle). Label one of the intersections of the circle with center C and the first line

segment constructed as point D. AB =CD




[image: image5.png]Coordinating Rotations

Label the coordinates of the polygon above.

Rotate the polygon 90° (counterclockwise) about the origin and label the coordinates.

Rotate the polygon 90° (clockwise) about the origin and label the coordinates.

Deseribe a rotation that would guarantee the point P (1,3) would be inside the square formed by the vertices (5.5).
(-5.5). (-5.-5), and (5.-5).
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[image: image6.png]Discussion, Suggestions, Possible Solutions

1. Label the coordinates of the polygon above
(2.4),(3,6), (4,3), and (3, 2)

2. Rotate the polygon 90° (counterclockwise) about the origin and label the coordinates.
The coordinates of the vertices for #2 are (-3,4), (-5, 3), (-4,2), and (-2,3),

Answer for #2

3. Rotate the polygon 90° (clockwise) about the origin
and label the coordinates.

The coordinates of the vertices for #3 are (2,-3), (3, -4), (4.-2), ard (5 21
Answer for

#3
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4. Describe a rotation that would guarantee the point P (1,3) would be inside the square formed by the vertices
(5.5), (-5.5), (-5.5), and (5.-5).

Several answers are possible for question 4, including clockwise and counterclockwise rotations. For example, the
figure can be rotated 180 degrees counterclockwise about the point (2,2). It is important that the student description
include the center of rotation, the degree measure and direction. Conventionally, positive degree measures are
counterclockwise and negative degree measures are clockwise, but teachers may want students to continue using the
term “counterclockwise” based on the success of their students.

If students are struggling with the task, teachers may also provide Patty Paper™, wax paper or tracing paper and
allow students to rotate the images by fixing a point with a sharp pencil or compass point. Ultimately, students
should develop visualization skills and should notice patterns in the coordinates related to 90 degree rotations, which
may lead to a discussion of characteristics of perpendicular lines on the coordinate plane in subsequent years.




[image: image8.png]Dilations in the Coordinate Plane

Plot the ordered pairs given in the table fo make six different figures. Draw cach figure on a separate sheet of graph paper.
Conneet the points with line segments as follows:

e For Set 1, connect the points in order. Connect the last point in the set to the first point in the set.
e For Set 2, connect the points in order. Connect the last point in the set to the first point in the set.
e For Set 3. connect the points in order. Do not connect the last point in the set to the first point in the set.




[image: image9.png]For Set 4. make a dot at each point (don’t connect the dots).

After drawing the six figures, compare Figure 1 to each of the other figures and answer the following questions

IS
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Which figures are similar? Explain your thinking.
Describe any similarities and/or differences between Figure 1 and each of the other figures,

o Describe how corresponding sides compare.

Describe how corresponding angles compare.
How do the coordinates of cach figure compare to the coordinates of Figure 17 If possible, write general rules for
making Figures 2-6.
Is having the same angle measures enough to make two figures similar? Why or why not?
What would be the effect of multiplying cach of the coordinates in Figure 1 by %?
Translate, reflect, rotate (between 0 and 90°), and dilate Figure 1 so that it lies entirely in Quadrant III on the
coordinate plane. You may perform the transformations in any order that you choose. Draw a picture of the new
figure at each step and explain the procedures you followed to get the new figure. Use coordinates to describe the
transformations and give the scale factor you used. Describe the similarities and differences between your new
figures and Figure 1





[image: image10.png]Figure 1 | Figure 2 | Figure 3 | Figure 4 | Figure 5 | Figure 6
Set 1 Set 1 Set 1 Set 1 Setl | Setl

(12.8) (18.12) (3.6)
(12.-8) (18.-12)
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(2.2)

(2.2)

Set 3

(8.-4)
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[image: image12.png]Dilations in the Coordinate Plane
Discussion, Suggestions, Possible Solutions
Source: Adapted from Stretching and Shrinking: Similarity, Connected Mathematics, Dale Seymour Publications

Students will find rules to describe transformations in the coordinate plane. Rules of the form (nx, ny) transform a figure in
the plane into a similar figure in the plane. This transformation is called a dilation with the center of dilation at the origin.
The coefficient of x and y is the scale factor. Adding a number to x or y results in a translation of the original figure but
does not affect the size. Thus, a more general rule for dilations centered at the origin is (nx + a, ny + b).

Students will also observe that congruence is a special case of similarity (n=1). Congruent figures have the same size and
shape. s students learned in the previous unit, transformations that preserve congruence are translations, reflections, and
rotations.

Possible solutions.

Note: The scale used on the x- and y-axes in the figures below is 2 units. Each square is 4 square unis (2 x 2).
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[image: image19.png]Figures 1, 2, 4 and 6 are similar. Students may observe visually that these figures have the same shape but are
different sizes (except for Figure 6). Figure 6 is congruent to Figure 1. Note that congruence is a special case of
similarity - figures have the same size and shape. Figures 3 and 5 are longer (or taller) and skinnier. Students
may also notice that corresponding angles are equal for all figures. The scale factor from Figure 1 to Figure 2 is
2. The scale factor from Figure 1 to Figure 4 is 3. The side lengths of Figure 2 are twice the side lengths of Figure
1 and the side lengths of Figure 4 are three times the side lengths of Figure 1. The scale factor from Figure I to

Figure 6 is 1 because it is congruent to Figure 1. In Figures 3 and 5, one dimension increases by a factor of 3 and
the other does not.




[image: image20.png]2. Figure 2 is an enlargement of Figure 1. The figures have the same shape but different sizes.
The ratio of the lengths of the corresponding sides is 1 to 2.
The corresponding angles are equal in measure.

Figure 3 is wider or longer than Figure 1. The figures are different shapes and sizes.
The ratio of the lengths of the corresponding sides is not constant. For one dimension, the ratio is 1 to 3; for
the other dimension, the ratio is I 1o 1.

The corresponding angles are equal in measure.

Figure 4 is an enlargement of Figure 1. The figures have the same shape but different sizes.
The ratio of the lengths of the corresponding sides is I to 3.
The corresponding angles are equal in measure.

Figure 5 is taller than Figure 1. The figures have different shapes and sizes.
The ratio of the lengths of the corresponding sides is not constant. For one dimension, the ratio is 1 to 3; for
the other dimension, the ratio is 1 to 1.

The corresponding angles are equal in measure.

Figure 6 is the same shape and size as Figure 1. Figure 1 is shifted (i.e., translated) up and to the right to get
Figure 6.

The ratio of the lengths of the corresponding sides is 1 to 1.

The corresponding angles are equal in measure.

3. Figure 2: Both the x and y coordinates are multiplied by 2. (2x, 2y)
Figure 3: The x coordinates in Figure 3 are three times the corresponding x coordinates in Figure 1, the y
coordinates are the same. (3x, y)
Figure 4: Both the x and y coordinates are multiplied by 3. (3x, 3y)
Figure 5: The x coordinates in Figure 5 are the same as the corresponding x coordinates in Figure 1. The y
coordinates are three times the corresponding y coordinates in Figure 1. (x, 3y)
Figure 6: Two is added to both the x and y coordinates. (x + 2,y + 2)
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No. All angles of the figures (except angles of the smiles) have the same angle measures, but the ficures are not




[image: image22.png]similar. Figures 3 and 5 are long (or tall) and skinny, unlike Figure 1.

5. The figure would shrink and the lengths of the sides would be half as long. [Note to teachers: Students may say
that the new figure is “%4 the size” of the original figure which might imply that the area of the new figure is %
the area of the original. In actuality, the area of the new figure is % 0% or % the size of the original figure. Be
sure that students understand that the side lengths are reduced by a factor of %4.]

6. Answers will vary depending on the transformations that students use. Students must recall what they learned in
the transformations unit about translations, reflections, and rotations. The translation, reflection, and rotation do
ot change the size or shape of the figure. The final figure is a reduction or enlargement of Figure 1 and it has a
different orientation in the coordinate plane because of the reflection and rotation.




[image: image23.png]Making Copies

Jamal has a 5" by 7" picture that he took on his summer vacation, and he wants to use a photo copier to enlarge it to fit in
an 8" by 10" picture frame. To enlarge the picture, Jamal needs to specify a percent between 50% and 200% on the copier.
For example, a setting of 125% would enlarge the picture by a scale factor of 1.25. Explain two different ways Jamal can
enlarge the picture to make an 8" by 10" picture.




[image: image24.png]Making Copies

Discussion, Suggestions, Possible Solutions:

8" by 10" photo paper is not similar to 5" by 7" photo paper because § = 5 = 1.6 and 10 + 7 = 1.43. The picture will need
to be copied to larger paper (e.g., 8" by 11.5") and the extra length trimmed off. If the copier is set at 160% (i.e., scale

factor of 1.6), both dimensions of the original photo (5" by 7") will be mulriplied by 1.6, and the new photo will have
dimensions 8" by 112" So 1.2 would have to be trimmed off the length to make an 8" by 10" photo.

and then enlarge it.

Another solution would be to trim the 5" by 7" picture to an appropriate
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x=6.25

Trim the picture to 5" by 6.25" and then enlarge it by a scale factor of 1.6 (i.e., set the copier at 160%).




[image: image26.png]Similar Pentagons

Figure 1 below is a special kind of pentagon in which ABCD is a square and E is the midpoint of the diagonal AC: then
square CEBF is drawn to make the pentagon ABFCD. Figure 2 continues drawing similar figures, starting with square
CEBF, then adding square CGFH, and so on.

a. Find other pentagons that are similar to ABFCD. Describe the similaritics for one pair of similar pentagons by
listing the corresponding parts and their relationships.

b. IfCM is 2 % em long, how long is CD? Explain your reasoning.

¢. IfAC is 6 ¥ cm long. how long is KC? Explain your reasonis








Figure 1




Figure 2
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[image: image28.png]Similar Pentagons
Discussion, Suggestions, Possible Solutions

Source: Adapted from Grades 6-8 Mathematics Assessment Sampler, National Council of Teachers of Mathematics, p.
116.

This task requires students to compare geometric figures for similarity, to describe similarities by listing corresponding
parts, and to use properties of geometric figures to determine side lengths. Some students may need to trace the different
pentagons on different sheets of patty paper to see the corresponding parts. To solve part b, students will need to know
that the lengths of the sides of a square are equal and that the midpoint divides a segment into two equal parts.




[image: image29.png]a. The similar pentagons are
ABFCD ~ BFHCE ~ FHKCG ~ HKMCJ

4B = BF = FC = CD = D4
BF FH HC CE EB

4B = BF = FC = CD = DA
FH HK KC CG GF

4B = BF = FC = CD = D4
HK KM MC CJ JH

m « ABF=m « BFH;m « BFC=m « FHC;m « FCD=m « HCE;m « CDA=m « CEB;m « DAB

m « EBF

m « ABF=m « FHKm « BFC=m « HKC;m « FCD=m « KCG;m « CDA=m « CGF; m « DAB

m « GFH

m « ABF=m « HKM;m « BFC=m « KMC;m « FCD=m = MCJ;m « CDA=m « CJH;m = DAB

m « JHK

b. IfCMis 2 % or 2.25 em., then LC is also 2.25 because CLKM is a square. Since L is the midpoint of CH and LC =
, then CH = 2(LC) = 2(2.25) = 4.5. Because CHFG is a square, GC = 4.5. Since G is the midpoint of BC, then
BC = 2(GC) = 2(4.5) = 9. Because BCDA is a square, CD = 9.

. IfACis 6¥s0r 6.6 cm., then EC = % (6.6) = 3.3 because E is the midpoint of AC. Since CEBF is a square, EC =
FC = 3.3. Because J is the midpoint of FC, then JC = % (FC) = % (3.3) = 1.65. CJHK is a square, so JC = KH =
KC = 1.65.




[image: image30.png]Unit Six Task: “BATHTUB”

There are four children in the Archer family. All four children must take a bath prior to going to bed each night. Each
child bathes separately and drains the tub before the next child takes a bath. Mom says each child may only fill the
bathtub half full of water. Mom also says that she wants to make sure that all children spend enough time in the bathtub
to bathe the entire body. Bedtime is 9:00 p.m. In this activity we will investigate what time the children would need to
start bathing in order to be in bed on time. (Round answers to the nearest tenth),

a) What information is necessary to start solving this problem?

b) If their bathtub is 60 inches long, 32 inches wide, and 20 inches high, how many gallons of water will cach child use?
(One cubic ft of water is 7.48 gallons of water.)

c) If it takes 30 seconds for three gallons of water to enter the bathtub, what is the constant rate in gallons per minute at
which the bathtub fills with water? Use an algebraic equation to express the relationship between volume and time

d) Use a table and a graph to illustrate the relationship of the volume and time as the bathtub fills. Describe this
relationship. Is this relationship directly proportional? Explain why or why not.

¢) How many minutes would it take for the water to begin flowing over the top edge of the tub? Justify your answer.




[image: image31.png]1) The water will drain out of the bathtub twice as fast as it took to fill the bathtub. How long does it take to drain the
bathtub after a bath?

2) As the tub drains, is the relationship between the time and the volume inversely proportional? Justify your answer.

h) What time would the children need to start to bathe to get to bed by 9:00 p.m? What mathematical concepts/operations
did you use to solve this problem?

i) On Saturday, the children are responsible for secing that the bathroom is cleaned. If the job of cleaning the bathroom
takes 60 minutes, find how long it will take if 1, 2, 3, or 4 children help clean the bathroom. Graph this data. Is the
relationship between the number of children and the time to clean the bathroom an example of direct or inverse
variation? Explain your answer.

# of children | Minutes
1

2
3

=





[image: image32.png]Suggestions for Classroom Use
While this task may serve as a summative assessment, it also may be used for teaching and learning. The task was
designed to be used at the end of the unit, yet aspects may be interspersed appropriately throughout the unit so that

students are aware of what is expected of them. It is important that all elements of the task be addressed throughout the
learning process

Discussion, Suggestions and Possible Solutions

students could use a caleulator to expedite problem solving.




[image: image33.png]Make sure all work includes units and unit calculations.
Time allowed for bathing and drying off will vary.
Make sure students understand the difference between volume and capacity.

a) What information is necessary to start solving this problem?

Number of children equals 4.
They must finish by 9:00 pm.
The time to bathe and dry off will be about 15 minutes.

b) If their bathtub is 60 inches long, 32 inches wide, and 20 inches high, how many gallons of water will cach child use?
(One cubic ft of water is 7.48 gallons of water.)

V=nhvh
V'=60"x32"x20" (Students may use 10 inches for” halffull of water” at this point.)
V' = 38,400 cu. Inches in a tub full of water

Iou Ft.=12"x12"x12” = 1728 cu. inches
1728 i = 38400in*

17 xff

1726x = 38400

1728 1

x = 22.2fF of water in tub full of water

1ffi— = 22f
748gal.  xgal.
x =222x7.48
x = 166.1 gallons to fill tub full of water




[image: image34.png]166.1 + 2 = 83.1 gallons to a tub half full of water
Each child will use 83.1 gallons of water to bathe.

c) If it takes 30 seconds for three gallons of water to enter the bathtub, what is the constant rate in gallons per minute at
which the bathtub fills with water? Use an algebraic equation to express the relationship between volume and time
30sec. = 60sec. Gallons = 6t
3 gal. x gal
Volume (cu. ft) = 61__
30x = 180 7.48

x = 6 gal./min

d) Use a table and a graph to illustrate the relationship of the volume and time as the bathtub fills. Describe this
relationship. Is this relationship directly proportional? Explain why or why not.

t |2 4 6 8 10

V |16 |32 |45 |64 |80 =10
As the time increases by 2, the volume increases 3
proportionally by 1.6. In each case, V/t =.8 L}
which is the constant of proportionality. Also the g
graph is linear and goes through (0,0.) b
So this is a directly proportional relationship. 2,

0 2 4 6 8 10 12
Time in Hours

&) How many minutes would it take for the water to begin flowing over the top edge of the tub? Justify your answer.




[image: image35.png]It takes 166.1 gallons to fill the whole tub.

Since G = 6t
1661 =6t or 6t>1661
5 6 t >27.7minutes
27.7min. =1t

It takes 27.7 min. to fill the tub, so at 28 min. the tubwould overflow.

) The water will drain out of the bathtub twice as fast as it took to fill the bathtub. How long does it take to drain the
bathtub after a bath?

The tub fills at a rate of 6gal./min. If it drains twice as fast, it will drain at 12 gal./min.
831 - 12t=0
-12t =-83.1
-12t
-12 -12

2) As the tub drains, is the relationship between the time and the volume inversely proportional? Justify your answer.

s the number of children increases, the number of minutes decreases proportionally, so it cannot be directly
proportional. To be inversely proportional, y = k/x or xy=k.

k1
k

20=Kk/3
60 =k

This is an inverse proportion where the constant of proportionality (k) is 60. So y = 60/x.

h) What time would the children need to start to bathe to get to bed by 9:00 p.m? What mathematical concepts/operations
did you use to solve this problem?

Time to fill the tub




[image: image36.png]27.7 % 2 =13.85 = 14 minutes to fill tub half full of water

14 min. to fill tub half full of water
15 min. to bathe

min. to drain bathtub

36 min. for each child to bathe

36 x 4 children = 144 minutes

60 min. = 144 min.

1hr., xhr
60x = 144
60 60

x = 2.4 hours for 4 children to bathe

4 hrs. = 1hr
xmin. 60 min.
24 = x min. So, it takes all 4 children 2hours and 24 minutes to bathe.
Ohr. = 8hr. 60 min.

24 min.
Ghr. 36 min.
The kids must start bathing at 6:36 p.m. to be in bed by 9:00 p.m.

- 2hr. 24min.

i) On Saturday, the children are responsible for secing that the bathroom is cleaned. If the job of cleaning the bathroom
takes 60 minutes, find how long it will take if 1, 2, 3, or 4 children help clean the bathroom. Graph this data. Is the
relationship between the number of children and the time to clean the bathroom an example of direct or inverse
variation? Explain your answer.




[image: image37.png]# of children | Minutes
1

w o

=

i. Ify = minutes to clean the bathroom and x = number of children, xy = 60 ory = 60/, where x£ 0

For 4 children, y = 60/4, so x = 15 minutes.
It would take 15 minutes to clean the bathroom if all 4 children help.

Zof Minutes
children
1 60
2 30
3 20
4 15
Minutes to Clean One Bathroom for 1-4 children
60 Minutes
30 minutes 30 minutes
20 minutes 20 minutes 20 minutes
15 min. 15 min. 15 min. 15 min.





[image: image38.png]Options for ntiation:
What could be the dimensions of a tub that held twice as much water?

How would changing the dimensions of the tub affect the results of this problem?




[image: image39.png]Change c. If it takes 30 seconds to fill the tub with three gallons of water, what is the constant rate in gallons per minute
at which the bathtub fills with water? Use an algebraic equation to express the relationship between gallons of water in
the bathtub and time?

Change d. Complete the following table and graph your results
Minutes (m) 2[4 [6 |8 [10

Gallons (G)
Min. x Gallons

Gallons = Minutes





Time to fill the tub








